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SOLUTIONS OF THE TOWER OF 

HANOI 

David Zeligman 

David Zeligman is a sophomore at Ark City Christian School in Arkansas City, 

Kansas, USA. His hobbies include tennis and badminton, and he hopes to become 

the next great mathematician.  

 

Abstract  

Tower of Hanoi is one of the most popular puzzles (see [1]-[2]). It was invented by 

the French mathematician Eduard Lucas in 1883. The tower consists of the eight discs, 

stringed on the one of the three peg s in order to reduce the size of discs. The problem 

is to move the entire tower to one of the other peg, bearing in each case only one disc, 

and without putting a larger disc over the smaller one. 

 

L et us generalize the problem. Consider what would happen in the case of n discs. 

Let Tn is a minimum number of rearrangements required to move n disks from one 

peg to another according to the rules of Lucas. Then T1 = 1 , T2 = 3.  

 

STATEMENT OF PROBLEM #1 

Get the formulae of the Tn for arbitrary n. 

 

Henry E. Dudeney proposed to solve this problem for a larger number of pegs. 

For the case of a 4-core tower there are many ways to achieve what we think the 

shortest number of moves, but still no way to characterize these solutions. 
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STATEMENT OF PROBLEM #2 

Get the estimate of the number of rearrangements Qn and generate the 

strategy of discs moving for 4-core tower. 

 

SOLUTION 

Experiments with three disks show that the crucial idea is to transfer two top 

disks from the first peg to another (intermediate) peg, according to the rule, provided for 

the transfer of two disks. Then it is necessary to transfer third disc onto a free peg and 

move two remaining disks over this one due to the same rule, mentioned above. This 

consideration gives the key of understanding the general rule of n disks moving: 
 

1. 1. Move n-1  smaller disks on the any free peg (i.e. we have Tn -1 

rearrangements ) ,   
1. 2. Shift the largest disc (single shifting )  
2. 3. Moving the n-1 smaller disks back to the largest disk (we 

have Tn -1 rearrangements additionally)  
 

Thus, n disks can be moved by 2Tn-1 +1 rearrangements, i.e. when n > 0, 
 

Тn = 2Tn-1 +1. (1) 
 

Equality (1) is recursion. It allows us to compute Tn for any n. 

 
Let’s solve the recurrence relation. One of the methods consists of guessing the 

correct solution, followed by a proof that guess is correct. One can calculate 
Т3 4 n> 0 we obtain 
 

Tn = 2
n
-1. (2) 

 
Let’s prove (2) with help of mathematics induction. 

 
1.  Relation (2) is true for n=1 

 

2.  Let’s suppose that (2) is true for n-1: 
 

Tn-1 = 2
n-1

-1. (3) 
 
We’ll prove (2) with help of (3).  
Actually, Tn=2Tn-

n
-1 –1)+1=2

n
 – 2+1=2

n
 –1. Therefore, the 

original Lucas problem requires 2
8
-1 = 255 rearrangements. 

Let’s show the solution of the four-disc problem step by step. 

 

We will enumerate disks by numbers and enumerate pegs by the Latin letters. We will 

move disks with numbers 1, 2 , 3, 4 between the cores a, b, c and d (initial position: disks 

are located on the peg a – 1
st
 disk is green, 2

nd
 disk is blue, 3

rd
 disk is yellow, 4

th
 disk is 

red - see Fig.1). 
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1st step: Move disc "1" on the peg b. (Fig.2) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Figure 1 Figure 2 

 
2nd step: Move disk "2" on the peg c. 
(Fig.3) 3rd step: Move disk "3" on the 
peg d. (Fig.4) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 3 Figure 4 
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4th step: Move disc "1" on the peg c. (Fig.5) 5th step: 

Move disc "4" on the peg b. (Fig.6) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Figure 5 Figure 6 

 
6th step: Move disk "3" on the peg b. (Fig.7) 7th step: 
Move disc "1" on the peg a. (Fig.8) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Figure 7 Figure 8 
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8th step: Move disk "2" on the peg b. (Fig.9) 9th step: Move 
disc "1" on the peg b. (Fig.10) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 9 Figure 10 
 
Solving this problem requires 9 steps , i.e .Q4 = 9. 

 
Step by step solution of the five-disk problem looks like this:  
 

1st step: Move disc "1" on the peg b. 
2nd step: Move disk "2" on the peg c. 
3rd step: Move disk "3" on the peg d. 
4th step: Move disk "2" on the peg d. 

5th step: Move disc "4" on the peg c. 
6th step: Move disc "1" on the peg c. 
7th step: Move disk "5" on the peg b. 
8th step: Move disc "1" on the peg a. 
9th step: Move disc "4" on the peg b. 
10th step: Move disk "2" on the peg c. 
11th step: Move disk "3" on the peg b. 
12th step: Move disk "2" on the peg b. 
13th step: Move disc "1" on the peg b. 
 

Solving this problem require 13 steps, i.e.Q5 = 13. 
 

One can show that Q6 = 17, Q7 = 25, Q8 = 33, Q9 = 41, Q10=49. 
 

These results allowed developing strategies for moving n disks. Let strung discs on a 

peg a. 
 
1. 1) Move n - 4 upper disk using all four pegs and collect tower on one of 
them, such as b (Qn -4 movements).   
1. 2) Move the remaining four discs using three pegs a, c and d (peg b, which 
gathered upper discs, does not use), and collect them on one of pegs, such as c. (T4 
movements).  
2. 3) Move n - 4 discs from the peg b and collect them on the peg c using all 

four pegs. (Q4 movements).  
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Thus, a recurrence relation allows us to estimate the minimum quantity of moves for 
4-core Hanoi tower:   
Qn≤2Qn-4+15 (4) 

 
The algorithm described above is similar to the Frame–Stewart algorithm, giving a 

presumably optimal solution for four pegs [3]. The last one can also be described 

recursively, but does not concern exact estimate of minimum number of discs 

rearrangements. 

 

BIBLIOGRAPHY 

Martin Gardner. Mathematical puzzles and diversions from Scientific American. 
Bell, 1961  

 
Henry Ernest Dudeney - 536 Puzzles and Curious Problems. CHARLES SCRIBNER'S 
SONS, 1967  

 
Stewart, B.M.; Frame, J.S. (March 1941). "Solution to advanced problem 3819". 
American Mathematical Monthly 48 (3): 216–9.  JSTOR  2304268  

 
Tower of Hanoi http://en.wikipedia.org/wiki/Tower_of_Hanoi# 

Logical_analysis_of_the_recursive_solution 

  

http://en.wikipedia.org/wiki/
http://www.jstor.org/stable/2304268
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USING NEURAL NETWORKS TO 

MODEL THE HUMAN BRAIN 

Jenny Lee 

Jenny Lee is a senior at Seoul International School in Seoul, Korea. She loves 

contemporary fiction, observing people, and hopes to become the next Daniel 

Dennett.  

 

Abstract  

This paper looks into the biological emergence and usage of agent-based modeling 

such as neural networks and self-organizing maps and claims the human brain utilizes 

similar models to communicate information. To do so, an examination of standard 

patterns of unsupervised learning will be presented using Kohonen’s self-organizing 

maps, in which a modeled artificial intelligence program will recognize patterns 

within the data by discerning anomalies in the system. This paper will thereby present 

a model of the human brain using neural networks and self-organized maps to parallel 

the inner workings of the nervous system of the brain.  

 

INTRODUCTION 

A  model of a self-organizing neural network will be created to replicate the 

mechanisms of brain activity using a method of unsupervised learning algorithms. 

Typically, neural networks apply specific sets of rules that are used to detect a pattern 

or cluster of similarities. Five fundamental algorithms include supervised learning, 

unsupervised learning, reinforcement learning, rote learning and evolutionary learning. 
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While all five algorithms have their own advantages and setbacks, unsupervised 

learning provides the most useful mechanism.  

Unsupervised learning takes input patterns and categorizes outputs depending 

on weight of importance, eliminating outputs that contain none or little meaning. This 

specific learning pattern is effective in an environment that requires quick responses 

to sudden changes in a complex background. By being able to weed out the oddities in 

a large background enables the system to rapidly adjust accordingly. 

 This model will then be used to investigate the question of spatial 

arrangements of neurons in biological neural networks. There is an apparent 

connection between the mathematical algorithms of agent-based models and the 

functional pathways of the brain. The application of nonlinear patterns by creating 

massive networks of individual neurons through transmission of signals across 

multiple synapses displays an obvious similarity to the neural network. Moreover, the 

entirety works on a basis much similar to self-organizing maps. Specifically, self-

organizing maps are cases of unsupervised learning implemented in providing clusters 

of information at local sites to distribute information throughout.  

 

PURPOSE AND RESEARCH PROBLEMS 

The main purpose of this study is to obtain evidence that intelligence is a 

product of the activity of the neural network within the brain. From evidence that the 

biological innerworkings of the brain are a product of an agent-based model of a self-

organizing neural network, intelligence can be thus be defined through mathematical 

means. Yet, to achieve this conclusion, there are several problems: 

(1) The self-organizing neural network must be able to recognize different objects with 

ease. While on a single-dimension, Kohonen’s self-organizing maps suffice. However, with 

multiple-dimensional figures, there is a limit to how much can be represented by vectors. 

Especially in a situation in where a certain pattern or figure is unknown in human knowledge, 

it is but impossible to define an output set accurate in discerning anomalies. 
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(2) Moreover, the basic principle of the spatial location of neurons in biological neural 

networks, such as the nervous system, must be determined. 

 

ANALYSIS OF RECENT RESEARCH AND PUBLICATIONS 

Recent research has considered these problems. Scholars have examined 

models of neural networks that help to understand the workings on the human brain in 

and offered an interesting approach based on a colony of ants that resembles a 

sparsely connected spiking neuron (Pessa, 2009; Stephensen, 2010; Chavallier & 

Sebag, 2010; Hoerzer et. al., 2014). This idea can be similarly translated to the 

biological human neural network as well. 

 

MAIN RESEARCH MATERIAL 

Living objects have the ability to distinguish between similar and dissimilar 

objects. This perceptive capability can be represented through a model of a neural 

network that can discern between such differences. 

 The Kohonen layer is a prime example of how this functions. The Kohonen 

layer consists of a number of existing parallel linear elements. They all have the same 

number of inputs and transfer their inputs on a vector of input signals. In the core of 

the Kohonen neural network is a set of tuning weights in which similar input vectors 

activate the same input signal, or neuron. Through unsupervised learning, the 

Kohonen layer trains itself, without the need of a guiding factor or teacher. 

 During training, the Kohonen layer calculates by multiplying the input vectors 

with weights associated with all neurons within the layer. The neuron with the 

maximum value of the scalar product is then set as the success output, or the “winner,” 

and its weight is adjusted. Over the course of several rounds of training, the signals 

are continually processed until eventually, only the “winners” remain. 
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 Figure 1presents a practical implementation of the Kohonen layer: 

 

 

Figure 1. Visual example of a Kohonen layer. 

 

This particular network consists of a single layer with four neurons and two dendrites 

each. 

The layer is then represented in a weight matrix: 

 

  [

        
        
        
        

] (1) 
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The input vectors: 

 

   *
    
    
+            (2) 

 

 

Output of the layer neurons: 

 

        [

    
    
    
    

]            (3) 

 

Output of the one neuron number   on training step number  : 

 

     [        ]  *
    
    
+                   (4) 

 

Defining the number of neurons with a maximum output: 

 

(    )     (   (  ))     (   
 
(    ))                   (5) 
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Adjusting the weights given to each neuron: 

 

[ (    )    (    )   ]   

 [ (    )    (    )   ]   (  
  [ (    )    (    )   ]) 

(6) 

 

Denoted as: 

 

 (    )  [
 (    )    (    )   ] (7) 

 

Thus can be written as: 

 

 (    )   (    )   (  
   (    ) ) (8) 

 

Or: 

 

 (    )   (    )   ([
        ]   (    ) ) (9) 

 

 

 In the loop of j from 1 to 2000, the network gradually acquires the ability to 

distinguish between similar input vectors from those dissimilar. The   

    equation denotes the speed factor of each training session. 
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 Research shows that the connections between neurons can be very complex.
1
 

An example is given in Figure 2: 

 

 

Figure 2. Part of a neural network in the brain  

 

 One distinct feature this neural network portrays is the natural fractal 

formation that takes place within the dendrites. This is a key characteristic because it 

lets a geometrical approach to be taken in understanding the spatial arrangement of 

biological neurons. 

 None of the studies used for researching this papermention fractals or any 

geometrically distinct pattern such as fractals. All of these studies exclude the fractal 

nature apparent in the biological neural networks that make up the foundation of 

natural entities. This suggests a different view of how artificial neural networks relate 

with each other. 

 As mentioned before, artificial networks in current development are formed in 

layers. All neurons of a single layer are connected to all other neurons of adjacent 

layers, which enable the translation of messages. However, this method differs from 

the actual method of connection used in nature. 

                                                             
1. Stephenson, Cory

. Hebbian neural networks and the emergence of minds (2010, 

August). 
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 Therefore, to consider the principle of fractal geometry, a simulation of neural 

networks on the basis of fractal structures was observed. Using an artificial fractal 

shown below in Figure 3, it can be seen that it is very similar to the structure of that of 

a natural neural network: 

 

 

Figure 3. Artificial fractal 

 

 What fractal geometry implies is the compliance to its algorithmic structure 

and logical build. Using simple patterns and rules, fractals are formed to go from 

basic shapes to complex networks. An easy example to see this is the “Sierpinski 

Triangle” shown in Figures 4, 5 and 6: 
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Figure 4. Iteration 1: Number of triangles – 1 (blue) 

 

 

Figure 5. Iteration 2: Number of triangles – 3 (red) 

 

 

Figure 6. Iteration 3: Number of triangles – 9 (purple) 
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 With each iteration, the number of added triangles is tripled. This obeys a 

simple rule of powers: 

 

1, 3, 9... = 3
0
, 3

1
, 3

2
... 

 

 In other words, the pattern is a functional dependency: 

 

(number of triangles) = 3
(iteration number)

 

 

 The basic principle of an ideal fractal shape is called the principle of self-

similarity, in which the entire shape is similar to a part of itself.  

 

CONCLUSION 

For a deeper understanding of human intelligence, it is necessary to combine 

the two approaches, where artificial neural networks must be designed taking into 

account the law of fractal geometry. In order for neurons to be simulated according to 

their behavior it is only then appropriate to simulate their natural arrangement in 

space. 

 

BIBLIOGRAPHY 
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Information Processing Systems, 379-387. 

Hoerzer, G., Legenstein, R., & Maass, W. (2014). Emergence of complex  

 computational structures from chaotic neural networks through reward- 
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Pessa, E. (Electronic Journal of Theoretical Physics). 2009. Self-organization and  

 emergence in neural networks, 20, 269-306.  

Stephensen, C. (2010). Hebbian neural networks and the emergence of minds. 
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EXPONENTIAL CIPHERS 

James Lees 

James Lees is a Junior at Concordia Christian Academy in Connecticut, USA. 

He loves puzzles: the more complicated, the better. He is also an artist 

painting mathematical beauty. He hopes to end all hacking with his encryption 

work. 

 

Abstract  

In this paper we present the theory related with exponential ciphers. Also it attaches a 

Matlab implementation of that cipher / decipher. Exponential ciphers are the key for 

the current models of cipher/decipher based on public and private keys. 

 

INTRODUCTION 

In the section on Fermat's Little theorem, we proved the following, which we shall 

put to use: 

 
Fermat's little theorem. If p is a prime number and a is any number not divisible by 

p, then 

 

             

 

 

Fermat's theorem (Two Prime version). If p and q are different primes and a is any 

number not divisible by p or by q, then 

 

 (   )(   )           
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Some examples: 

 

                                         

 

 

The first two depend on your knowledge that 23 and 89 are primes. The second 

depends on the factorization 6499 = 67x97 = pq. In this case (p−1)(q −1) = 66x98 = 

6336. Here 2332 is not divisible by 67 or by 97. Less obvious are 

 

                                                   

 

The first congruence depends on the factorization 81493 = 227x359 into primes. The 

exponent 80908 is the product of 226 and 358 (each one less than the primes in the 

factorization of the modulus.) The second congruence depends on the fact that 548238 

is a prime. 

 

Large numbers like the last examples are clearly difficult to handle manually, though 

computers can deal with them by factoring into primes and by determining if a 

number is prime. 

 

Such congruences are used in cryptography. However the prime numbers will have 

100 to 200 digits! In this case, the above numbers will seem like chicken feed. And 

for such huge primes, computers today can determine a factorization into primes only 

with great difficulty. 

 

A fast computer might take 20 or so years working full time to determine if a number 

is prime. And factoring tremendous numbers is even more hopeless. So if a cipher 

scheme can be found which involves huge numbers and factoring them into primes, 

the code would be practically unbreakable even with the best computers and smartest 

minds. 

We first show how Fermat's two result are used. We illustrate with 5
22

 mod 23 is 1. If 

we wish to find 5
223

 mod 23, we write 223 = 22x10 + 3, so: 



 23 

 

              (   )                                      

 

This amounts to replacing the exponent 223 by its value mod 22. (We divided by 22 

to get the remainder 3.) In general, to compute a
s
 mod p, where p and a are as before, 

we can replace s by its value mod (p − 1). Note: The congruence is mod p but the 

exponents of a can be taken mod p − 1. 

 

ANALYSIS 

 
Important consequence of Fermat's little theorem. If p is a prime and a is a 

number not divisible by p, then             when         (   ). 

 

Important consequence of Fermat's little theorem (Two Prime Version). If p and 

q are different primes and a is a number not divisible by p or by q, then    

         when         (   )(   ). 

Exponential codes 

 

One Prime. A code attempts to send a message which can be read only by someone 

who has the key to the code. The message will be a stream of letters, but this is 

usually coded and transmitted as a stream of numbers. The receiver then decodes 

these numbers to get the original stream and hence the letters and the message. For 

example, suppose we wish to send the message 

 

DONT COME BEFORE FIVE CLOCK 

 

Ignoring spaces, we convert each of these letters into their number equivalent (alway 

using two digits and ignoring spaces) and we try to code the number stream: 

 

041514200315130502050615180506092205150312150311 
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We break this into chunks depending on our coding system -say chunks of 3- and we 

then proceed to send coded version of the three digit numbers 

 

041 514 200 315 130 502 050 615 180 506 092 205 150 312 150 311 

 

A (one prime) exponential code is given by the formula            where p is a 

fixed prime, and e is relatively prime to (p − 1). Here, P is the plaintext (as number) 

and C is its cipher.  

 

For example, let's take p = 947. Then p − 1 = 946 = 2x11x43. Let's take e = 53 which 

is prime to 946 since it is not divisible by 2 or 3 or 503. So in this case, the 

exponential cipher we are using will be 

 

              

 

Our “message" is 041 514 200 315 . . . . We code this one three digit number at a time. 

For P = 041, we get: 

 

                     

 

Proceeding in this way, we generate the cipher text for each part of our message and 

we send the message 

 

544 390 677 : : : 

 

confident that no one will understand. The receiver knows all about the prime 947 but 

she takes exponent 357. (This will be shortly explained.) So she decodes 544 to get P 

= 544
357

 mod 947. This works out to 41 or 041 since three digit number are 

understood. 

So the decoded message starts as 041 514 200 . . . . Making a stream of digits, we get 

041514200. . . or 04 15 14 20 . . . .  
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In letters, the decoded message is DONT. . . . 

 

Summarizing this technique, we chose p = 947 and e = 53 for coding three digit 

numbers, and we chose d = 357 for decoding: 

 

                            

 

The coder knows exponent 53, the decoder knows exponent 357, both know the prime 

947. 

 

What is the magic use of the exponents 357 and 53? How does that work? The answer 

is the 357 and 53 are inverses mod 946. (Note: 946 not 947!).  

Note that we always get and code three digit numbers since that's the size of the 

remainders mod 947. 

 

Summary of exponential coding mod p. For given prime p and number e relatively 

prime to p−1, choose d so that ed 1 mod (p−1). Then the coding is given by 

           and the decoding is given by           . In all cases P and C are 

chosen between 0 and p − 1 inclusive, namely the possible remainders when dividing 

by p. 
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FIBONACCI NUMBERS AND 

MATHEMATICAL INDUCTION 

Ashley Lee 

Ashley Lee is a senior at Virgina Episcopal in Lynchburg, Virginia, USA. She loves 

Haydn and hopes to become the next Craig Venter.  

 

Abstract  

The paper is devoted to Fibonacci numbers and mathematical induction, as a main 

instrument of their investigation. Some useful properties of these numbers are derived.  

The original part of the article is the program of translating natural numbers from the 

decimal to Fibonacci notation, realized in Mathematica language. 

 

MATHEMATICAL INDUCTION 

Fibonacci sequence was described in 13
th

 century [1]. It was introduced by the 

method of mathematical induction (see below). 

Mathematical induction is one of the most common methods in mathematics [2]. 

Suppose you want to prove a proposition  ( )that depends on an integer parameter  , 

where   . Natural numbers often appear as  . Direct verification of this statement 

for each   is impossible, because the set of natural numbers is infinite. 

The essence of the method of mathematical induction is as follows. Initially, 

you must verify the validity of the  ( ) with the initial value of the parameter  , i.e. 

the validity of  ( ). 

This part of the proof is called a basis of induction. Then it is assumed that the 

assertion  ( ) is true for     (induction hypothesis). If, after this, the assertion 

 ( ) would be valid for      , then the assertion  ( ) is completely proved. 
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In some cases, it is useful to use a modification of the method of mathematical 

induction. As before, you first need to check the validity of the assertion  ( ). Then 

it is assumed that the assertion  ( ) is true for all  , which is less than   (induction 

hypothesis). Then you must ensure the validity of the  ( ). 

 

Example 

Let us prove that for any natural number   (   )the expression        

  is divisible by9. 

 

Solution  

Denote         through ( ). 

If    , then ( )           . Consequently, the statement of the 

problem holds for    .  

Suppose that  ( ) multiple of 9 for    . 

Prove that for      the number  ( )  is divisible by 9 too. For this 

represent  (   ) as follows: 

 (   )         (   )     

  (        )          

  ( )         

 

By the induction hypothesis, the number  ( )  multiple of 9, therefore, the 

number of  (   ) is also multiple of 9.Thus the problem is solved. 

 

FIBONACCI NUMBERS 

 Fibonacci numbers are well-known nowadays [3]. Fibonacci sequence is used 

in many branches of human activity (arts, trading, building, coding, etc.) and interest 

to them has not reduced. 

Fibonacci numbers F(n) are defined by the recurrence relation 

 (   )   ( )   (   ), where    ,      (1) 

and by the initial conditions 
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 ( )   ( )   .        

 (2) 

Let us prove that 

 ( )   ( )     ( )   (   )    (3) 

Solution. Denote the left side of (1) by  . 

Let    , then by the definition ( )   . On the other hand, from the 

equation (3) follows that 

 ( )   ( )     ( )   ( )             

i.e. (3) holds for the initial value of  . 

Assume that the (3) is performed when    , i.e. 

    (   )    (4) 

Prove that the (4) holds for      , i.e. 

      (   )    (5) 

Takes place         (   ). Taking into account (4) can be written 

      (   )     (   )   (   )     

i.e. the assertion (5) is proved, and with it, (3) is proved. 

Let’s generate first 10 Fibonacci numbers with help of (1)-(2): 

1, 1, 2, 3, 5, 8, 13, 21, 34, 55,… 

 It can be computed with help of Mathematica by the command 

Table[Fibonacci[n],{n,10}] (see[4]). 

 Let us remark that Fibonacci sequence can be generalized for the negative 

indexes by the formula 

F(n-2)=F(n)-F(n-1). 

So we produce the negafibonacci numbers [5] satisfying 

F(-n)=(1)
n+1

F(n). 

 

 

 

http://en.wikipedia.org/wiki/Fibonacci_number#Negafibonacci
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FIBONACCI NOTATION 

Fibonacci numbers can form the base for Fibonacci notation, i.e. for 

representing of any natural number N as a sequence of digits
2
 

                 

 (6) 

This sequence can be obtained the next (inductive) manner  

1. Let us define the maximum of numbers F(n) such that F(n)≤Nand find the 

differenceN1=N-F(n). 

2. Let us suppose that k steps of our algorithm have been completed. The result 

is the binary sequence of digits        and a number Nk. 

3. Let us compare the number Nkwith Fibonacci F(n-k): 

 if Nk<F(n-k) then        and we fix Nk+1=Nk 

 if Nk≥F(n-k) then        and we fix Nk+1=Nk-F(n-k). 

We perform n-1 steps of the process and get the sequence           and 

number Nn-1=0.This algorithm is called “greedy algorithm”. 

Let us denote Fibonacci recordΦ(N) as the final sequence (6), corresponding 

to the number N. It is obvious that if Φ(N)=          then 

N=   ( )     (   )    ( )    .    (7) 

Let us represent first 20 numbers in Fibonacci notation: 

1 = (000001)F              6 = (001001)F              11=(010100)F             16 = (100100)F 

2 = (000010)F              7 = (001010)F              12=(010101)F             17 = (100101)F 

3 = (000100)F              8 = (010000)F              13 = (100000)F          18 = (101000)F 

4 = (000101)F              9 = (010001)F              14 = (100001)F          19 = (101001)F 

5 = (001000)F              10 = (010010)F           15 = (100010)F          20 = (101010)F 

For illustration we will proof that19 = (101001)F. 

Let N=19, then 

F(n)=13 (n=7)      N1=19-13=6 

F(6)=8> N1      N2= N1=6 

F(5)=5≤ N2      N3=6-5=1 

                                                             
2Zeckendorf theorem, see [6] 
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F(4)=3> N3      N4=N3=1 

F(3)=2> N4      N5=N4=1 

F(2)=1≤ N5      N6=1-1=0. 

Thus, Φ(19)=101001 and 19=F(7)+F(5)+F(2). 

It is clear, that every number N has unique Fibonacci record Φ(N). But not 

every binary sequence is bound to be Fibonacci record Φ(N) for some N. E.g. Φ(N) 

could not include two ones consecutive. 

 Actually, let Φ(N) contains two one after zero     ;            .  

It means that  

Nk-1<F(n-k+1),        

 (8) 

Nk-1=Nk, Nk-F(n-k)=Nk+1, Nk+1≥F(n-k-1).    (9) 

But termwise addition of all equalities of (9) gives us 

Nk-1≥F(n-k)+F(n-k-1)=F(n-k+1) 

which contradicts with (8). 

Thus, two ones consecutivecould meet in Φ(N) if and only if there were no 

zeros before them. I.e. if it was       . But in this case, due to the definition of 

the process, N1=N-F(n)≥F(n-1), so 

N≥F(n)+F(n-1)=F(n+1) 

and F(n)is not maximal of Fibonacci number not greater then N. 
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MATHEMATICA REALIZATION OF GREEDY ALGORITHM 

To realize the algorithm of Fibonacci notation, it is suitable to use 

Mathematica language because it includes embedding algorithm of Fibonacci number 

search (see Fig.1). The process of decoding is based on the formula (7). 

 

 

Figure 1. Mathematica code of translating natural number from decimal to Fibonacci 
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